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Abstract 

In this paper, we introduce a Brauer type algebra Bg(T) associated with every pseudo 
reflection group and every Coxeter group G. When G is a Coxeter group of simply-laced 
type we show Bq (T) is isomorphic to the generalized Brauer algebra of simply-laced type 
introduced by Cohen, Gijsbers and Wales (J. Algebra, 280 (2005), 107-153). We also 
prove Bg (T) has a cellular structure and be semisimple for generic parameters when G is 
a dihedral group or the type H3 Coxeter group. Moreover, in the process of construction, 
we introduce a further generalization of Lawrence-Krammer representation to complex 
braid groups associated with all pseudo reflection groups. 

Contents 

1 Introduction 

2 Preliminaries 8 

2.1 Brauer type algebras and BMW type algebras Is 

2.2 Pseudo reflection groups, Complex braid groups and Hecke algebras [lO 

3 Flat connections for BMW algebras [12 

4 Generalized Lawrence-Krammer Representations \l4 

5 Basic Properties about Bg(T] |17 

6 Cases of Dihedral Groups |21 

7 H3 Type E 

8 Canonical Presentations 

8.1 Real cases 2a 

8.2 The Cyclotomic G (m, 1 , n) cases |33| 

9 Conclusions 36 



1 



1 Introduction 



Brauer algebras Bn(T) introduced by Brauer fBrj are certain algebras connected with rep- 
resentation theory and knot theory. These algebras have natural deformations found by 
Birman , Wenzl [BW] and by Murakami [Mu], which are called BMW algebras. 

Like many objects related to Lie theory, Brauer algebras can be generahzed to other 
general reflection groups (here by a general reflection group we mean a Coxeter group or a 
pseudo reflection group). In [Ha] Haring- Oldenburg introduced the Cyclotomic Brauer al- 
gebras and cyclotomic BMW algebras associated with the G(m, l,n) type pseudo reflection 
groups. Shghtly later in [CGWl] Cohen, Gijsbers and Wales introduced a Brauer type al- 
gebra and a BMW type algebra for each simply laced Coxeter group. It is proved that these 
new Brauer type algebras share many nice algebraic properties with Brauer algebras like 
semisimplicity for generic parameters in Cohen- Prenk- Wales |CFW] , supporting Cellular 
structures Cohen- Prenk- Wales op. cit in the sense of Graham-Lehrer |GLj . In |GH] Good- 
man and Hauschild introduced Affine BMW algebras as a generalization of BMW algebras 
to afiine An type. 

It is asked in Cohen-Gijsbers- Wales [ CGWl] whether there exist Brauer type algebras 
and BMW type algebras for non simply laced Coxeter groups. With the help of KZ con- 
nections, we introduce in this paper a Brauer type algebra Bg(T) for each general reflection 
group G . we also justify that the algebras is a suitable candidates for general Brauer type 
algebra from the following aspects. 

• If Wr is a simply laced Coxeter group of type F, the algebra Bw^{T) coincides with 
the simply laced Brauer algebra of type V introduced in Cohen-Gijsbers- Wales ibid 
(Definition 8.2, Theorem 8.4). if G is a type G(m, l,n) pseudo reflection group, the 
cyclotomic Brauer algebra introduced by Haring-Oldenberg in [Ha] appears as a direct 
component of our algebra Bg(T) (Theorem 8.6 ). 

• When G is a finite pseudo reflection group (including all finite Coxeter groups), Bg(T) 
supports a nicely shaped fiat connection on the complementary space of reflection 
hyperplanes of G. Existence of such a connection is a general phenomenon among 
finite pseudo reflection groups Broue -Malle-Rouquier |BMR] , and simply laced Brauer 
algebras (Theorem 3.2, Theorem 5.3 ). These fiat connections insure in some sense 
that Bg(T) can be deformed to certain BMW type algebras. 

• Every Bg(T) induces a generalized Lawrence-Krammer representation of the associ- 
ated complex braid group Aq (Theorem 5.2). 

• When G is finite, Bg(T) is a finite dimensional algebra containing CG (Theorem 5.1 
). There exists a natural anti-involution in Bg(T) (Lemma 5.5) which may be used to 
construct a cellular structure. 

• When G is a dihedral group or a H3 type Coxeter group, the algebra Bg(T) has a 
cellular structure, and is semisimple for generic T (Sections 6-7). 
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Before giving the definition, we set up some notations which will be used throughout 
this paper. Let G C U(V) be a finite pseudo reflection group. Denote by R the set of 
pseudo reflections in G, and let A = {Hiligp be the set of reflection hyperplanes. For s G R, 
define i(s) G P by requesting H^(s) to be the reflection hyperplane of s. We also denote the 
reflection hyperplane of s as Hj. Intersection of a subset of .4 is called an edge. The action of 
G on V induces an action of G on .4 naturally. For i, j G P, let R(i, j) = {s G R | s(Hj) = Hi }. 
For i G P, let Gi be the subgroup of G consisting of elements that fixing pointwise, let 
rrii = |Gi|, and let Si be the unique element in Gi with exceptional eigenvalue e ™t . 

Set Mg = V — UigpHi. For i G P, choose a linear function cXi such that Hi = kerOi 
and define wi = which are holomorphic closed 1-forms on Mq. We write si ~ S2 

Oil 

for si,S2 G R if S] and S2 are in the same conjugacy class, and write i ~ j for i, j G P if 
w(Hi) = Hj for some w G G. Chose / (J-s G C for every s G R and mi G C for every 
i G P such that = [Xs2 if si ~ S2 , mi = mj if i ~ j. The data {[J-s, mi}se7e,iep will be 
denoted by one symbol T. A well-known theorem by Steinberg says that G acts on Mq 
freely. We denote the group 7Ti(M.g/G), 7ri(M.G) as Ag,Pg respectively, which are called 
complex braid groups and complex pure braid groups by many authors. 

The original model for above setting came from the symmetric group S^. First, is 
reahzed as a reflection group acting on C"^ by permuting the basis elements, whose reflection 
hyperplanes are {Hij = Ker (zi - Zj)}i<i<j<n. Then Ms^ = Yn = {(^i,--- ,Zn) G C^lzi / 
Zj for any i / j}, which is the configuration space of n different points on C. The differential 
form associated with Hi^j is ^73^- The associated group Ag is just the n string braid group 

Bn. 

For i 7^ j we denote Hi rh Hj if {k G P | Hi n Hj c H^} = {i, j}. A codimension 2 edge 
L will be called a crossing edge if there exists i, j G P such that Hi rh Hj and L = Hi n Hj, 
otherwise L will be called a noncrossing edge. 

Definition 1.1. The algebra Bg(T) associated with pseudo reflection group (V, G) is 
generated by the set {TwIweG U {eijigp which satisfies the following relations. 

(0) Tw,Tw2 =Tw3 i/wiW2=W3. 

(1) Ts^ei = CiTs^ = Ci, for i G P. 

(1)' Jw^i = eiJw = e-i, for w G G such that 'w(Hi) = Hi, and Hi nV^ is a noncrossing 
edge. Where Vw = {v G V|w(v) = v}. 

(2) el = m^ei . 

(3) TwBj = CiTw , ifweG satisfies w(Hj) = Hi. 

(4) CiBj = ejCi, if Hi rti Hj . 

(5) CiCj = (IIseR(y) M-sTs)ej = ei(^sgRfi j) ^sTs) , i/ Hi n Hj is a noncrossing edge, and 
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[6) eiCj = 0, if Hi n Hj is a noncrossing edge, and R(i, j) = 0. 

Each one of these relations can be thought of as generahzation of certain relation in 
the Brauer algebra Bn(T). Relation (4) is the generahzation of ei je^^i^ = e^^i^eij for different 
i, j, k, I, where Cij is explained in the following Figure 1. Relation (6) can be seen as a special 
case of relation (5), they are generalizations of the relation ey ej^k = Si^^e^^k = eyst^k in Bn(t). 
Where sy is the permutation. Relation (1)' resembles relation (o) in Definition 2.1 of 
cyclotomic Brauer algebras. Motivation of introducing these algebras is as follows. 




Figure 1: The element e^j 

It is well-known that the group algebras of Coxeter groups and pseudo reflection groups 
have deformations called Hecke algebras. It is possibly less well-know that for any finite 
Coxeter group or any pseudo refiection group, the infinitesimal deformation to the corre- 
sponding Hecke algebra can be described by a KZ connection with nice shape Cherednik 
[Che) Broue -Malle-Rouquier [BMRj . 

When G is a finite Coxeter group, the KZ connection D.q ( CI'q ) describing deformation 
of G to the G-type Hecke algebra with equal parameter Hclq) (G-type Hecke algebra with 
unequal parameters HG(q)) is: 



(1) 



ieP 



where k, k^'s are constants such that = Kj if i ~ j. CIq is a formal connection on Mq. 
Suppose (U, p) is any representation of G. Then CIq gives a G-invariant, fiat connection 
P[D.q) = K^igp p(si)uJi on the bundle Mq x U, which further induces a fiat connection on 
the quotient bundle Mg xg U whose monodromy representation factors through Hclq) for 
suitable q. As a special case, the KZ connection for symmetric group Sn is 

dZi — dZi 



a. 



l<i<j<n 



(2) 



The KZ connection for a pseudo refiection group G has the form: 



Of 



ieP 



^ss uji 



(3) 



where ]Xs are constants such that |j.s = M^s' ^ ~ ^ • -^^ plays an important role in Broue - 
Malle-Rouquier [BMR] in construction of the generahzed Hecke algebras for pseudo refiection 
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groups (see also Ariki-Koike [AK]). Note that in above connections the operator terms come 
from pseudo reflection group, the flatness and G-equivariance come from relations in G. 

Now the Brauer algebra Bnir) has also a natural deformation Bn(T, I), the BMW algebra. 
In |Mal] , the following flat formal connection supported by Bn(T) was imphed : 

l<i<j<n 

Where stj is the permutation, eij is the element described by above Figure 1. This 
connection On is fiat and Sn-equivariant (Proposition 4 of [Malj, see also Proposition 3.1 
). Marin also proved if (U, p) is any representation of Bn(T),then the Sn— invariant, fiat 
connection p[Cln) on the bundle Ms^ x U induces a fiat connection on the quotient bundle 
Ms„ xs^ U, whose monodromy representation factor through the BMW algebra Bn(T, I) for 
suitable t, I (Proposition 4 of [Mai] , see also Theorem 3.2 ). So the connection On can be 
seen as the KZ connection for Bn(T). 

Later we will show (Theorem 5.3 ) the deformation of a simply laced Brauer algebra 
Br(m) to the simply laced BMW algebra can be described by a fiat connection 

^ir = K^(si-eOa)i, (4) 
ieP 

where {ej^gp c Br(m) is a set of semi-idempotents (by a semi-idempotent we mean elements 
X satisfying = Ax ) in one-to-one correspondence with P, the set of reflection hyperplanes. 

Suppose r is any finite type Dynkin diagram. Denote by Wp the Coxeter group of type 
r. Now we present a bold but reasonable hypothesis about the general Brauer type algebra 
BwrC^^): Bwr(T') can be deformed to certain BMW type algebra and the deformation can 
be described by a nicely shaped KZ connection Op on Mw^- 

The most natural form of the connection Op is as equation (4). When the set of re- 
flections in Wp contain more than one conjugacy class, in view of the connection Dp in 
Equation (1), the KZ connection associated with Bw^{T) should have a more general form 
containing more parameters. Thus we make the following hypothesis about Bwr(T). 

Hypothesis 1. Bwr(T) contains the group algebra CW^ and a set of semi-idempotents 
{silieP; such that the formal connection Cly = J^^^p Ki(si— eOtUi is flat and Wr -invariant, 
where {ktjigp is a set of constant numbers such that ki = kj i/i ~ j. More over, Bwr("^] 
is generated by Wp U {eJigp. 

More generally for a pseudo reflection group G, we assume the algebra Bg(T) should 
also contain CG and a set of special elements {ejtgp, such that the formal connection 
CIq = IlT^gp(IIsa(s)=i M-sS — ei)wi is fiat and G-invariant. The shape of CIq is also inspired 
by the generalized Lawrence-Krammer representation of Aq defined later. 

By Theorem 3.1 in Kohno [Kol], we can derive some algebraic relations between R U 
{ejtgp from flatness and G-invariance of Og- But these relations are not enough to produce 
the Brauer type algebra we want. 



5 



Annother common feature of simply laced BMW algebras as proved in Cohen-Gijsbers- 
Wales [CGW l] is that they all contain the generahzed Lawrence-Krammer representations of 
simply laced Artin groups introduced by Cohen- Wales [CWJ and Digne [DiJ. Recently Marin 
[Ma2j introduced a generahzed Lawrence-Krammer representations of Aq for any complex 
reflection group G (in this paper we use the phrase 'complex reflection group ' to denote 
those pseudo reflection groups all of whose pseudo reflections have degree two). In section 
4 we introduce a slightly further generahzation of the Lawrence-Krammer representation 
to Ag for each pseudo reflection group G. The idea is as follows. Let Vg = C{vi}igp be a 
vector space with a basis in one-to-one correspondence with {HJigp. Action of G on {HJigp 
induces a natural representation i : G — > End(VG). 

Prom Marin's work [Ma3j we see that the simply laced type Lawrence-Krammer repre- 
sentations can be described by certain fiat, G— invariant connection 

^^LK = K ^(l-(Si) - pOcUi (5) 

ieP 

on the bundle Mg x Vg. Where si G R is the unique pseudo reflection having Hi as its 
reflection hyperplane. We observe that for any i the map € ETid(VG) is a projector to 
the line Cv^ C Vg. It inspires us to consider a special kind of connection on the bundle 
Mg X Vg for any pseudo reflection group G: 

ieP \s:i(s)=l / 

where [l^'s are constants such that |Xs = M^^' if s ~ s'. And pt G End(VG) is a projector to 
the hne Cv^ c Vg for any 1. Exphcitly suppose pi(vj) = aijVi(j / 1) and Pi(vi) = mtVi. 
Then we have 

Theorem 4.2 The connection Olk is flat and G-equivariant if and only if the fol- 
lowing two conditions hold: a) ay = IIs.^(s)(vj)=Vi ^s! b) mi = mj j . 

When Olk satisfy the conditions in Theorem 4.2, it induces a fiat connection Olk on the 
quotient bundle Mg xg Vg. We define the generahzed Lawrence-Krammer representation 
of Ag as the monodromy representation of Olk- When G is a complex reflection group, and 
[Xs = 1 for all s, the connection Olk becomes the fiat connection of Marin [Ma2] . 

Now suppose {pilieR C End(VG) satisfy conditions in Theorem 4.2. It is proved in 
Cohen-Gijsbers- Wales |CGW1] that every simply laced BMW algebra contain a generahzed 
Lawrence-Krammer representation, just as the case of braid groups in Zinno [Z]. This 
fact can be explained in infinitesimal level in the following sense. Defining a map <p : 
Wr U{ei}igp End(VG) by 4)(w) = l(w) for w G Wr; cf)(ei) = pi for i G P, then cf) can be 
extended to a representation Br(T) End(VG). 

Regarding to these facts we make another hypothesis about Bg(T): 
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Hypothesis 2. For any pseudo reflection group G, the map w i— > l(w) for w £ G; 
Si Pi for i. G P can be extended to a representation Bg(T). Where we suppose Pt 
satisfy conditions in above Theorem ^.2. 

Now we search if there exist suitable relations between G and {etjigp such that the 
resulted algebra Bg(T) satisfy Hypotheses 1 and 2. As a result we find there do exists one, 
the algebra defined in Definition 1.1 satisfy these two conditions quite nicely. 
Proposition 5.1 The connection Clg = Iligp(Ilsi{s)=i l^s^s ~ ei)"Ji 0,"^^ flo-i o.iT'd G- 
invariant. Where Tg, et are as in Definition 1.1. 

Theorem 5.2 Using notations in section 4- The map w i[w), et i-^ pi extends a 
representation Bg(T) End(VG). 

In fact we believe it is the best choice. There are two other slightly different choices: 
take off the relation (1)' or weaken relation (6). In the last section we explain some reason 
of choosing Definition 5.1. 

In section 8 we show that there exist canonical presentations for Bg(T) when G is a finite 
Coxeter group or a type G(m, l,n) pseudo reflection group. (Definition 8.1, Definition 8.2, 
Theorem 8.4 ). They can be seen a generalization of the presentation for simply laced 
Brauer algebras in [CFWj . Definition 8.2 can be naturally generahzed to the cases when G 
is an infinite type Coxeter group (Remark 8.1). In a canonical presentation each node i of 
the Dynkin diagram corresponds to a pair of generators {si, ei}. Thus in cases of G (m, 1 , n) 
type we have one more generator eo than in the canonical presentation of cyclotomic Brauer 
algebras Bm^ni^y)- It is this new generator eo that making Bg(T) shghtly larger than Bm.,n[^) 
(Theorem 9.1). Through canonical presentations we see immediately that Bg(T) coincides 
with the simply laced Brauer algebra of |CGW1] if G is a simply laced type Coxeter group. 
These canonical presentations may be helpful to define new BMW type algebras, which will 
be discussed in a future paper. 

Section 6 and 7 are devoted to show these new algebras for non simply laced Dynkin dia- 
grams are indeed interesting objects by finding some nice algebraic properties of them. Concretely 
they are: (SEM) semisimple for generic parameters; (CEL) having cellular structures; 
(DEF) deformabihty and (STA) dimension stabihty (having the same dimension for any 
parameters T ). Because of hmitations of spaces in this paper we only study in detail the 
cases when G is a dihedral group or the H3 type Coxeter group. 

When G is one of above mentioned cases, we prove that Bg(T] satisfies (SEM), (CEL) 
and (STA) and write down the condition for Bg(T) to be semisimple . Through the study 
of the H3 case we find for the H3 type Artin group three new 15 dimensional irreducible rep- 
resentations except for the generahzed Lawrence-Krammer representation, and one new 5 
dimensional irreducible representation. All of these representations have clear combinatorial 
meaning, they are related to two kinds of natural actions of Whj on certain sets. We be- 
lieve that the existence of the KZ connections supports the property (DEF) for every Bg(T). 

Acknowledgements I would hke to thank Toshitake Kohno for teaching me KZ equations. 
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2 Preliminaries 

2.1 Brauer type algebras and BMW type algebras 

Brauer algebra Bn,(T) is a graphic algebra in the sense that it has a basis consisting of 
elements presented by graphs, and the relations between them can be described through 
graphs. Bn(T) has a canonical presentation with generators si,--- ,Sn-i, ei,--- , en-i and 
relations hsted in table 1. Bn(T] has a natural deformation discovered by Birman, Murakami, 
Wenzl which are now called BMW algebras [BW] [Muj . These algebras support a Markov 
trace which gives the KaufTman polynomial invariants of Links. We denote these BMW 
algebras as Bn(T, I). Where I is a parameter of deformation. There is Bn(T) = Bn(T, 1). 
We hst generators and relations of Bn(T) and Bn(T, I) in the following table according to 
[CGWlj . Where m = 

The structure of Brauer algebras and BMW algebras are studied extensively in last 20 
years. See for example [W] |RHj . They have the following basic properties. 
Theorem (Wenzl) Let the ground ring be a field of character 0, then Bnir) is semisimple 
if and only if t ^ Z or t G Z and t > n. 



TABLE 1. Presentation for Bn(T). 





Bn(T) 


Bn(T,l) 


Generators 


Si ,• • • ,Sn-l i^l ,• • • ,en-l 


Xi , • • • ,Xn-i ; El ,• • • ,En^_i 


Relations 


SiSi+lSt = Si+iS^Si+l 


XiXi+i Xi = Xi+i XiXi+i 




fori < i < n-2; 


fori < t < n — 2 ; 




SiSi-iCt = ei_iSiSi_i 


XiXi_i Ei = Ei_i XiXi_i 




f or2 < i < n — 1 ; 


f or2 < I < n — 1 ; 




SiSi+iet = ei+iSiSi+i 


XiXi+i Ei = Ei+i XiXi+i 




fori < i < n-2; 


fori < I < n - 2; 




SiSj = SjSi jl > 2; 


XiXj =XjXi,|l-j| >2 ; 




S| = 1 , for all I; 


UX? + raXi - 1 ) = mEi, for all i; 




Siei = et, for all I; 


XiEi = l^^ Ei, for all i; 




eiSi+i Ct = ei, 1 < t < n — 2; 


EiXi+i Ei = lEi, 1 < i < n - 2; 




eiSi_i et = ei, 2 < I < n - 1 ; 


EiXi_i Ei = lEi, 2 < i < n - 1 ; 




SiCj = ejSi, |t- jl > 1; 


XiEj =EjXi,|l-j| > 1; 




e? = Tei, for all I. 


= TEi . 



Semisimphcity condition for any groundrings is obtained by Rui IRHI . Many algebras 
related to Lie theory have cellular structures in the sense of Graham and Lehrer IGLI . We 
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recall the definition of a cellular structure (cellular algebra). In the same paper Graham and 
Lehrer proved Brauer algebras support cellular structures. Similar result for BMW algebras 
are proved by Xi fXi2|. 

Definition (Graham, Lehrer) [15] A cellular algebra over R is an associative algebra A, 
together with cell datum (A, M, C, *) where 

• (CI) A is a partially ordered set and for each A G A ,M(A) is a finite set such thatC : 
□AeAMlA) X M(A) — ) A is an injective map with image an R-basis of A. 

• (C2) If A G A and S,T G M(A), write C(S,T) = C^-p G A. Then * is an R-linear 
anti-involution of A such that *(Cs j) = Cyj. 

• (C3) If A G A and S, T G M(A) then for any element a G A we have 

aC^,T = Ls'eM(A) ra(S', S)C5,^^(modA(< A)) 

Where rQ(S', S) G R is independent of T and where A(< A] is the R-submodule of A 
generated by {C \yi<\S ,T GM(^)}.. 

The cyclotomic Brauer algebras 'B-n^^^iS) of Haring- Oldenburg has the following presen- 
tation, (borrowed from IRXI ) 

Definition 2.1. The algebra 'Bm.,ni^) is generated by a 5ei {si, ei}i<i<n U {tj}i<j<n^ with 
the following relations. 

a) sl = 1 , for 1 < i < n. k)eiSi = ei = s^ei, for 1 < i < n — 1 . 

b) siSj = SjSi,if li — jl > 1. IjsiCi+iSi = Si+iei,for 1 < i < n — 2. 

c) siSi+i Si = Si+i SiSi+i , for 1 < i < n - 1 . raje^+i etSt+i = ei+i si, 

d) sttj = tjSi, if j / i, i + 1 . fori < i < n — 2. 

e) ef = 6o2i, for 1 < i < n. n)eiejei = e^, if |i — j| = 1 . 
fjsiCj = ejSi,if |i- jl > 1. o)eititi+i = = titi+iei, 
gjCiCj = ejCi,, if ji — jl > 1 . f or 1 / i < n. 

h) eitj = tjet,if j / i, i + 1. pjeitfei = SaSi, for 1 < a < m — 1 

i) ti^tj = tjti^, for l<i, j<n. l<i<n— 1. 
j)siti = ti+iSi,forl < i < n. q)t|^ = l,for 1 < i < n. 

The subset of generators {si}i<i<n, U{tj}i<j<Tx together with relations (a),(b),(c),(d),(i), 
(j),(q) generate the cyclotomic reflection group of type G(m, l,n) whose group algebra is 
imbedded in 'Btu,ti(5)- The original paper IHal define more comphcated cyclotomic BMW 
algebra, where the generators and relations can be represented by graphs also. These al- 
gebras have many properties parallel with Brauer algebras. In [RX i, the authors proved 
they are semisimple and classified their irreducible representations under certain generic 
conditions. By Goodman in [Go] and by Yu in lYul independently, "Bm^ni^] are shown to 
have cellular structures. 
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Finite type simply-laced Dynkin diagram consists of ADE type Dynkin diangrams. For 
every such Dynkin diagram F, the following table are presentation for algebra Br(T) and 
algebra Br(T, I) defined in ICGWll . When P is An-i, it is straightforward to see they 
coincide with Bntt) and Bn(T, I) respectively. Let I be the set of nodes of P. When l,j G I 
are connected by an edge we write i ~ j. Otherwise we write i oo j. Set ra = ^"jh^- 

The simply laced Brauer algebras have no graph to representing their elements any more, 
but they have almost all important algebraic properties of Brauer algebras. In ICFWI the 
authors proved when P is finite ADE type, these algebras Br(T) are free module over Z[t='=^], 
and be semisimple after tensored with Q(t). 



TABLE 2. Presentation for Br(T). 





BrW 


Br(T,l) 


Generators 


Si(tG I); ei(tG I) 


Xi(i G I) ; E,(i G I) 


Relations 


SiSjSi = SjSiSj, if i ~ j ; 
StSjCi = ejStSj if i ~ j; 

SiSj = SjSi ,if i j; 
s? = 1 , for all i; 
StCi = et, for all i; 
eiSje^ = ei, if i ~ j; 
SiCj = ejSi, if i -T*^ j; 
el = TCi, for all i. 


XiXjX, = XjXiXj, if i~ji 
XiXjE, = EjX^Xj if i~j; 
XiXj =XjXi,if i^o j ; 
l(X? + mXi - 1 ) = mEi, for all i; 
XiEi = l^^ El, for all i; 
EiXjEi = lEi,ifi~j; 
XiEj = EjXi,ifi oo j; 
= TEi . 



2.2 Pseudo reflection groups, Complex braid groups and Hecke algebras 

Let V be a complex linear space. An element s in GL(V) is called a pseudo reflection if it can 
be presented as diag(£„ 1 , • • • , 1 ) under some basis of V, where £, is a root of unit. We call 
£, as the exceptional eigenvalue of s. If £, is —1 then s is simply called a reflection. A finite 
group G C GL(V) is called a pseudo reflection group if it is generated by pseudo reflections. 
If G is generated by reflections then we call it a complex reflection group. When V is 
an irreducible representation of G, (V, G) is called an irreducible pseudo reflection group. 
Every pseudo reflection group is isomorphic to direct product of some irreducible factors. 
Isomorphism class of irreducible pseudo reflection groups are classified by Shephard-Todd 
[ST] . They consists of an infinite family { G(ra,p,n) } ( n < l,m < 2 ,p|m ) and 34 
exceptional ones. 

For a pseudo reflection group (V, G) we assume notations in section 1. Denote n-\ [M.q) 
as Pg, then there is an exact sequence: 1 Pg ^ Ac G — > 1 . 

By Ariki, Koike in |AKj and by Broue-Malle-Rouquier in [BMR] , there exists a Hecke 
algebra Hg(A) associated with any pseudo reflection group G, where A is a set of parameters. 
The Hecke algebra Hg(A) is a quotient algebra of the group algebra CAg. For most G's, we 
have dimHG(A) = |G|, and this relation is a conjecture for other cases. For some G's and 
for generic A, Hg (A) is a semisimple algebra whose irreducible representations are in one to 
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one correspondence with those of G in a natural way. This correspondence can be described 
by the following KZ connection. 

Suppose {|J.s}seR is a set of constants satisfying the condition: |j.s, = 1X52 if si is conjugate 
to S2. Here for simplicity we choose a connection with shghtly different appearance from 
[BMRj . 

Proposition 2.1 (Broue -Malle-Rouquier |BMR] ). The formal connection 

iGP seR,i(s)=i 

on Mg X CGis flat and G- invariant. 

Now suppose p : G — > GL(U) is a representation of G on a complex linear space U. The 
group G acts on the bundle Mq x U as: g(p, u) = (g •p,p(g)(u)) for g G G, p G Mg 
and u G U. The quotient space Mg x U/G become a hnear bundle over Mg/G naturally, 
and it will be denoted as Mg xg U. Now suppose O = Hi^gpXitUi is a connection on 
Mg X U, where G End(U) for any i. Here is the condition for O to induce a connection 
on Mg Xg U. See section 4 of [BMR] for some backgrounds about connections. 

Proposition 2.2. The connection £1 induce a connection on Mg Xg U if : 

p(w)Xip(w)^^ = Xyyft] for any w G G and t G P. 

When the condition in above proposition is satisfied, we call O as a G-invariant connec- 
tion. Suppose (E, p) is a hnear representation of G . By above proposition 

p{aG) = K^( Y_ )M.sP(s)cui 

ieP seR,i{s)=i 

defines a fiat connection on the bundle Mg x E. It induces a fiat connection Op on the 
quotient bundle Mg xgE because of G-invariance of p(nG)- By taking monodromy a family 
of representations of Ag parameterized by (k, 10,5) are obtained. It is proved in [ BMR] that 
for generic k these monodromy representations factor through Hg(A) for suitable A. 

The following theorem from Marin [Ma2j (Theorem 2.9 ) will be used in the following 
sections. Let G C GL(V) be a pseudo reflection group. Let A, P, cUt, Mg, Pg, Ag be defined 
as in Section 1. Suppose I C V be a complex hne. The maximal parabohc subgroup Go of 
G associated with I is the subgroup of G formed by elements which stabihze I pointwise. 
By Steinberg's theorem. Go is generated by reflections Ro of G whose reflecting hyperplane 
contains I. We set Aq = {Hi G ^|I C Hi}, and Pq = {i G P|I C Hi}. Let Mo = V - Uigp^Hi. 
Since Go is a pseudo reflection group, it has associated braid group Agq and pure braid 
group Pgo- It is clear we have identifications: Pgq — tti (Mo), Agq = Tti (Mo/Go). Following 
[BMRj , Pgo and Agq can be imbedded into Pg and Ag in the following way, whose image 
are called maximal parabohc subgroup of Pg, respectively Ag. 

We endow V with a G-invariant unitary form and denote the associated norm as || ||. 
Let XI G I such that xi ^ H for any H G .A \ ^o- There exists e > such that, for all x G V 
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with II X — xi ||< e we have x ^ H for all H G ^ \ ^o- Let D = {x G V| || x — xi ||< e}. 
It is easy to see the natural morphism 7Ti(Mg n D] ^ 7Ti(Mo) is an isomorphism, hence 
the natural inclusion 7ti(MG n D) ^ 7Ti(Mg) defines an embedding Pg- Since D is 

setwise stabilized by Go, this embedding extends to an embedding Ag^ ^ Ag. It is proved 
in |BMR] that such embeddings are well-defined up to PG-conjugation. 

Now suppose on a bundle Mg x E there is a fiat connection O = K^-^p XiCUi. Denote 
the monodromy representation of Pg resulted from CI as p. If CI is G-invariant, denote the 
monodromy representation of Ag resulted from CI as p. Looking Pg^, Ag^ as parabolic 
subgroups of Pg, Ag, we obtain representations of Pgq and Agq by restriction of p and p 
respectively. On the other hand, we define a connection on Mq: CIq = k^|,j^,_i. X^cut. An 
simple discussion by using Theorem 3.1 of Section 3 shows Oo is also fiat. We denote the 
monodromy representation of Pgq resulted from Oo as po. When CI is G-invariant, then CIq 
is Go-invariant. In these cases we denote the monodromy representation of Aq^ resulted 
from Qo as po. The following theorem is proved in Marin [Ma2j (Theorem 2.9). 

Theorem 2.1. For generic k, the Pgq representation po is isomorphic to the restriction 
of p. When CI is G-invariant, the Aq^ representation po is isomorphic to the restriction 
of p. 

3 Flat connections for BMW algebras 

We begin with some knowledge for hyperplane arrangements. Let E be a complex linear 
space. An hyperplane arrangement (or arrangement simply ) in E means a finite set of 
hyperplanes contained in E. Let A = {HJigi be an arrangement in E, we denote the 
complementary space E — UtgiHi as Mji. Intersection of any subset of yi is called an edge. 
If L is an edge of A, define ^II = {Hi E yi|L c HJ = {HJ and h={ie I|L c Hi}. 

For every i. G I, chose a linear form fi with kernel Hi. Set cui = dlogfi, which is a 
holomorphic closed 1-form on M^i. Consider the formal connection CI = K^-^jXiCUi. Here 
Xi are hnear operators to be determined. When we take Xi's as endomorphisms of some 
hnear space E, then CI is reahzed as a connection on the bundle Ma x E. We have the 
following theorem of Kohno. 

Theorem 3.1 (Kohno |Kol] ). The formal connection CI is fiat if and only if: 

[Xi, ^jgi^Xj] = for any codimension 2 edge L of A, and for any 1 € II. Where 
[A, B] means AB - BA. 

The following lemma can be proved directly by using graphs. 

Lemma 3.1. In the Brauer algebra Bn(T), let Sij G Sn C Bn(T) be (i, j) permutation., 
let eij be as in introduction, we have 

( 1) Sk,i = Sk,ieij if {i, j} n {k, 1} = 0; 

(2) eijek,! = eic,iei,j i/{i,j}n{k,l} = 0; 
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(3) etj — Ej^i; 

(4) eyet^k = Sj,kei,ic = eySj^k Jor any different i,j,k; 
("■^J ^l] =T^ei,j , /or any i/j; 

(6) syej,k = ei,kSi,j. 

For 1 < i < j < n — 1 , define tuy = d(zi — Zj)/(zi — Zj). Consider the formal connection 
= KLi<j(sy - ey)ajy. We have 

Proposition 3.1 (Marin [Malj)- The formal connection is flat and Sn invariant. 

Proof. We certify On satisfies conditions of theorem 3.1. For the arrangement yin,there are 
then following two type of codimension 2 edges 
Case 1. L = Hy n H^,;, {i, j} n {k, 1} = 0. 

Whence A]_ = {Hy,Hic,i}. Now we have Sa,bSc,d = Sc,dSa,b and ta^h^cA = 2c,dea,b if 
{a, b} n {c, d} = 0. They are most easily seen by using graphs, so [sij — eij , Sk,i — ek,i] = 0. 
Which gives [stj - etj, s^j - e^j + Skj - ek^J = = [sk,i - ek,i, stj - + Sk,i - ek,i]. 

Case 2. L = Htj n Hj k, where i, j, k are different. In this case A]_ = {H^j , Hj^k> k}, 

[sy — ey , si^k — et^k + Sj,k — ej^J 
=[sy , Si,k + Sj,k] + (-ey Si,k + ey ej,k) + (si,key - ej,key ) 
+(-eySj,k + eyCi^k) + (sj,key - ei,key) + [sy,-ei,k - ej^J 
=(-eySi,k + eyej.k) + (si,key - ej,key ) 
+(-eySj,k + eyei,k) + (sj,key - ei,key) + [sy,-ei,k - ej,k] 
=(-eySi,k + ey^j^k) + (si,key - ej^key ) + (-eySj^k + ey ei,k) 
+(sj,key - ei,key) = 0. 

The second equahty is because sijSi^k + Si,jSj,k = Sj,kSi,j + Si_kSi,j. For the third equality 
use Lemma 3.1, (6). For the fourth equality use lemma 3.1, (4). G-invariance of On is 
evident. 

□ 

Let (E, p) be a finite dimensional representation of Bn(ra). By proposition 3.1, the 
connection 

p(an) = K^(p(Sy) - p(ey))a)y 

i<j 

induce a fiat connection on the bundle Yn E, which is a hnear bundle on X^. Denote the 
resulted monodromy representation of 7ti (Yn/Sn) = Bn as p. The following theorem can be 
found in [Malj . 

Theorem 3.2 (Marin |Malj ). For generic k, the monodromy representations p of 

constructed above factor through Bn(T, Ij, for t = ^ ^ ^, I = q . Where 

q = exp K7t\/^. 
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4 Generalized Lawrence- Krammer Representations 



The Lawrence-Krammer representations and their generaUzations play a significant role in 
the theory of braid groups and Artin groups. See Krammer |Kr] , Bigelow [Bij, Cohen and 
Wales jew], Digne [Di], Paris [Pa] and Marin [Ma2] |Ma3| . Since this paper concentrate on 
infinitesimal level, we majorly refer to |Ma2] |Ma3j . 

Let V be a n-dimensional complex hnear space. Let G C U(V) be a complex reflection 
group. Let R be the set of reflections in G. We use notations in section 2.2. 

The generahzed LK representations of Aq of Marin are described by certain fiat connec- 
tions as follows. First, for every Hj, we have a closed 1-form cug on Mq as in section 2.2. 
Then let Vg = C(vs)seR be a complex hnear space with a basis indexed by R. For every 
pair of elements s,u G R, define a nonnegative integer a(s,u) = #{r e R|rur = s}. Chose a 
constant m G C. For any s G R, define a hnear operator tj G GL(Vg) as follows: 

ts • Vs = mvs, ts • Vu = Vsus - a(s, u)v^ for s / u. 

Chose another constant k G C. Define a connection Ok = UseR^ " ^st^s on the trivial 
bundle Vg x Mg. 

Theorem and Definition (Marin[Ma2]) The connection Ok is flat and G-invariant. 
So it induce a flat connection Ok on the quotient bundle Mq Xg Vg. The generalized 
LK representation for Aq is defined as the monodromy representation o/Ok- 

We denote the generalized Krammer representation as (VG,PK,m)- When (G,V) is the 
reflection group of ADE type, they were first constructed in |CW] by Cohen, Wales and 
by Digne in [Dij. They are proved to factor through BMW algebras in [CGWlj . 

Theorem 4.1 (Marin [Malj ). The generalized Krammer representation (Vg, PK,m)fO'Ctor 
through the generalized BMW algebra Br(T, 1) with t = '^q-i^q — ~^ ^'^'^ ^ = q^"^. 
Where q = e""^^. 

For later convenience we change notations shghtly. For s G R, we define Ps : Vg ^ Vg 

by 

Ps(vs) = (1 -ms)vs, ps(vu) = a(s,u)vs for u / s. 

We also define l : G — ) Aut(VG) by l(w)(vs) = v^^-^^-i. Then ps is a projector to the 
complex line Cvj. And Marin's fiat connection Dk is written as Hs^T^k- (l(s) — ps)cus. 

A Further Generalization Let V be a n-dimensional complex hnear space. Let G C U(V) 
be a finite pseudo reflection group(not only complex reflection group). We define P, R, ^ 
for G as in Section 1. For s G R, denote the reflection hyperplane of s as Hg. Define 
Vg = C < Vi >iep. Since w(Hv) is annother reflection hyperplane for any w G G and v G P, 
there is an action of G on P which induce a representation l : G Aut(VG). Explicitly 
w[i) is defined by H^ft) = w(Hv). For 1 G P, let pi : Vg — > Vg be a projector to Cv^ which 
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is written as: 

Pi(Vi) = m-iVi, PiiVj) = CXyVi. 

As in Section 1 let {HslseR be a set of nonzero constants such that: |Xs, = V^sz if si is 
conjugate to S2 in G. Define a function i : R — > P such that H^j) is the reflection hyperplane 
of s for any s G R. Consider a connection Olk on the trivial bundle Mg x Vg which have 
the form 

Y_ Psl(s) -pi)cui. 
ieP s:i(s)=i 

Theorem 4.2. The connection Olk is flat and G-equivariant if and only if the the 
following conditions are satisfied: 

(1) TOi = roj if there is w e G such that i(w)(Vi) = Vj. 

(2) CXi,j = IIs:i(s)(Vj)=Vt 

Proof. First we suppose Clix is a flat, G-equivariant connection. By Proposition 2.2 we 
have, 

i(w)( ^ M-si-(s) -Pi)i(w)~^ = Y_ ^isl(s) -Pw(i)- 

s:i(s)=i s:i(s)=w(i) 

By condition of the set {p.s}seR, above identity is equivalent to L(w)pii(w)~^ =Pw(i)) which 
imphes rat = TOwft) . 

Let L be any codimension 2 edge of the arrangement A. Let Hi, , • • • , be all the 
hyperplanes in A containing L. By theorem 3.1, flatness of Olk implies : 

N 

[ Y_ ^^sl(s) -pi„,X( Y. ^sl(s) -Pij] =0. (6) 

s:i{s)=ia v=l s:i{s)=iv 

for 1 < a < N . Without losing generality suppose a = 1 . It is equivalent to the following 
identity because by Proposition 2.1, the sum of those terms containing no is zero. 

N N 

[PinZ( Z ^isL(s]-piJ] + [ X l^sL(s),_J^PiJ] =0. (7) 
v=1 s:i(s)=iv s:i(s)=ii v=1 

Now for those s such that i(s) = ii we have {s(ii ), • • • , s(In)} = - ■ ■ ,i-N}- So we have: 

N N 
s:i(s)=ii v=1 s:i(s)=v v=1 

s:v(s)=i v=1 



0. 



So the identity (7) is equivalent to: 
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N N 
v=1 s:i(s)=iv v=2 s:i(s)=iv s:i(s)=iv (9) 

= 0. 

This is because [pt, , l(s)] = if i(s) = ii . After splitting the Lie bracket in equation (9), 
the sum of all those terms mapping to Cvi^ is Pi^pt, — Ilss(vt )=vi l^si-(s]pi, . It must be 
0. Chose So such that so(vi^ ) = Vi^ if there exist one, then we have pi^Pi, = £Xi^,i, i-(so)pi, • 
More over, for any s such that s(Vi, ) =Vi^ we have L(s)pi, = i.(so)pi, . Put these identities 
in equation pi^pi, - Zs:s(vi^ )=vi^ ^st(s)pi, = , we get 

i°<<,u - Y. ^^s)'-(so)Pil = 0. 

So we have Ot^^i, = Y.s:s{vi )=Vi there don't exist such Sq, we can prove (Xi^,i, = 

similarly. 

Now suppose conditions (1) and (2) are satisfied, by the same arguments we only need 
to prove above equation (9) to show Olk is fiat. The conditions (2) imphes 

ViV)= Y. M-si-(s)pj,for any iT^j. (10) 

s:s(j)=i 

It also implies 

PiPj = Y ^sPii(s),for any i 7^ j. (11) 

s:s(j)=i 

since L(s)pj = L(s)pjL(s)^U(s) = PiL(s) for those s such that s(j) = i. Now the right hand 
side of equation (9) can be written as 

N N 

X^P^iP^v- Y ^^sPi1'-^s]) + ^(pi^pii - Y ^^s^(s)Piv)• 

v=2 s:s(iv)=i) v=2 s:s(iv)=ii 

So the equation (6) is true and it implies flatness of Olk by Theorem 3.1. G-equivariance 
of the connection is easy to see. 

□ 

Remark In the connection Olk if make p.s = k for all s and mi = m for all i then we 
obtain Marin's connection. Above theorem produces fiat, G-equivariant connections with 
more parameters. It also explains the number in Marin's construction. 

Definition 4.1 (Generalized LK representations for general complex braid groups). Fol- 
lowing notations introduced above. Since Olk is G -invariant, it induces a flat con- 
nection Olk on the quotient bundle Mq xqVq. The generalized Lawrence- Krammer 
representation of the braid group Aq is defined as the monodromy representation of 
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Suppose Pi, Pi, • • • , Png are all equivalent classes of P under the equivalence relation 
' ~'. The following lemma is essentially from iMa2i . 

Lemma 4.1. For any 1 < N < Ng, the subspace Vn = ffiiGPN^Vi C Vg is a subrepre- 
sentation. 

Proof. We only need to observe that w(i) ~ 1 for any i G P and w G G, and pi(vj) = 
5 Basic Properties about Bg(T) 

Suppose G C U(V) is a finite pseudo reflection group. Define Bg(T) as in Definition 1.1. 
When G is a complex reflection group, there is a bijection from R to ^: s i— > Hj. So we 
can use R as the indices set P of reflection hyperplanes. In these cases, for si,S2 £ R, 
R(si , S2) = {s e R|s(HsJ = Hs J = {s G R|ss2S = sj. 

Theorem 5.1. When G is finite then Bg(T) is a finite dimensional algebra. Moreover, 
the map w i-4 for w G G induce an injection j : CG Bg(T). 

Proof. First by using relation (3), we can identify any word made from the set {w G 
G}]J{ei}igp with a word of the form Twei, • • • ei,^ where w G G. We define the e-length 
of such a word as k. In this word if two neighboring ei^ and ei^^, don't commute with each 
other, then for ei^Ci^^,, condition in (5) of Definition 1.1 is satisfied as shown by the next 
lemma. 

Lemma 5.1. If two pseudo reflection si and si don't commute with each other, suppose 
the reflection hyperplane of si (si) is (Ht^], then {ii,i2} £ {k G P|Hi^ 5 H^, n Ht^}. 

Proof. We suppose {11,12} = {k G P|Hi^ 5 Ht, n H^J. Let L = Hi^ n H^-,, and < , > being 
a G-invariant inner product on V. Chose vy_ G H^^ such that -L L according to < , > 
for k = 1,2. Suppose {V3, • • • ,vn} is a basis of L, then {vi,V2, • • • ,vn} is a basis of V. Now 
since si(Hi2) is another reflection hyperplane containing L and si^H^^) / H^, , so we have 
sitH^^) = Hi2, which implies si can be presented as a diagonal matrix according to the 
basis {vi,--- ,vn}. Similarly S2 can be presented by a diagonal matrix according to the 
same basis. So S1S2 = S2S1 which is a contradiction. □ 

The first statement of theorem 5.1 follows from the next lemma. 
Lemma 5.2. The algebra Bg(T) is spanned by the set 

[Jy^Ci^ • • • ei^ iw G G; et^ei^ = ei^ei^and iv / iu if u / v ; M > 0} 

Proof. Let A be the subspace in Bg(T) spanned by elements listed in the lemma. We only 
need to prove any word Tw^u ^iz' ■ ■ represents an element in A. We do it by induction 
on e-length of such words. First this is true if K = 1 . Suppose it is true for K < M. Now 
consider a word x = wet, • • • eij^^, . If there are two neighboring ei^, ei^^, don't commute, 
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then Lemma 5.1 enable us to apply (5) or (6) in Definition 1.1 to identify x with a Unear 
sum of words whose e-tail length are smaller than M + 1 . Suppose all ei^ 's in x commute 
with each other, if there are vi,V2 such that Iv, = ivj, we use permutations between Ci^'s 
to identify x with a word y = wej, • • • e,,^^, such that ji =j2- So x = y = raj, wej^ • • • 
by relation (2) of Definition 1.1. If all ei^'s commute and all i^'s are different then x G A, 
and induction is completed. For the second statement of theorem 5.1, it isn't hard to see 
the following map 

Tw I— > w, for w G G; ei I— > 0, for i e P 
extends to a surjection n : Bg(T) — ) CG, and tt o j = id. So j is injective. □ 

This completes the proof of Theorem 5.1. □ 

By Theorem 5.1, CG is naturally embedded in Bg(T). For saving notations from now 
on we always think CG to be included in Bg(T), and denote Tw simply as w. The next 
lemma reduce one parameter in Bg(T). 

Lemma 5.3. For A G C^, Let [i'^ = A|j,s for s G R, and Let ra- = Am^ for i G P. Let 

r ={^;,maseR,ieP, then BGiV) = Bg(T). 

Proof. Denote the generators of Bg(T') appeared in Definition 1.1 as S^'s and E^'s . Then 

Si I— > Si,, ei I—) AEi for I G P 
extend to an isomorphism from Bg(T) to Bg(T'). 

□ 

The following lemma can be found in [Ma2j . 

Lemma 5.4 (Marin). For two different hyperplane Hi,Hj e A, //s G R satisfies s(Hj) = 
Hi, then s fix all points m Hi n Hj. So, R(i, j) = {s G R|s(Hj) = Hi;Hs 5 Hi n Hj}. 

Proof. Let < , > be a G-invariant inner product on V. Let e be the exceptional eigenvalue 
of s, and let u be an eigenvalue of s with eigenvalue e. Let Ui, Uj be some nonzero vectors 
perpendicular to Hi, Hj respectively. Then u _L Hj. The action of s on V can be written as 
s(v) = V - (1 - e)|^u. Now s(Hj) = Hi implies s(uj) = Uj - (1 - e)^;^u = Aui for 
some A / 0. Denote (1 — e)^^ as k. The condition that Hi is different from Hj implies 
K / 0. So we have u = -^(uj — Aui] _L Hi n Hj, and s fix all points in Hi n Hj. 

□ 

There exists a natural anti-involution on Bg (T) which may be used to construct a cellular 
structure as follows. 

Lemma 5.5. The following map extends to an anti-involution * of BqIT) 

w 1-4 w^^ for w G G C Bg(T), ei ^ ei for all i G P 
if M-s = M-s-i for any s G R. 
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Proof. We only need to certify * keep all relations in Definition 1.1. As an example 
for relation (5), on the one hand *(eiej) = ejCi, on the other hand *[(IIsgR(tj) M^ssjej] = 
ej(ZseR(i,j) = ^LseR(i,j) ^iss-^)ei = (LseR(j,i) ^^s-'s)ei = (LseR(j,i) □ 

Flat Connections 

Define a formal connection CIq = k ^^^p (^5.^5)^1 [XjS — etjcut. 

Suppose p : Bg(T) ErLd(E) is a finite dimensional representation. On the vector 
bundle Mq x E, we define a connection ptOc) = k ^|gp(^j.^5j^| [Xsp(s) — p(ei))uJi where 
K G C^. Let G acts on Mg x E as w • (x,v) = (wx, p(w)v) for w G G and (x,v) G Mg x E. 

Proposition 5.1. The connection p(Og) and CIq are flat and G-invariant. 

Proof. It is enough to deal with the case k = 1 . By Proposition 2.2, to show the G-invariance 
we only need to prove 

Y_ M.sp(w)p(s)p(w)-^ - p(w)p(ei)p(w)"^ = Y_ l^sp(s) - p(ew(y) (12) 

s:i(s)=i s:i(s)=w(i) 

for any w G G. By (3) of Definition 1.1, we have p(w)p(ei)p(w)^^ = p(weiW^^) = 
P(2w{i))- We also have {wsw^V(s) = i} = {s|i(s) = w(i]} and [Xj = M%vsw-' 1 so identity (12) 
follows. 

Let L be any codimension 2 edge for the arrangement A, and let H^, , • • • , H^^ be all the 
hyperplanes in A containing L. By Theorem 3.1, to prove p[0.q) is fiat we need to show for 
any u 

N 

[ Y_ ^^sp(s)-p(eij,^( Y_ ^sp(s]-p(eij)] =0. (13) 

s:v(s)=iu v=1 s:i(s)=iv 

Now remember the connection K^|gp(^5.|(5j^^ |a.sP(s)a)i) is fiat by proposition 2.1, so 
(13) is equivalent to 

N N 

[ Y_ ^sp(s),Xp(eiv)] + [p(eiu),Z( Z ^sp(s)-p(eiJ)]=0 (14) 

s:i(s)=iu v=1 v=l s:i(s)=iv 

Because for any s such that i(s) = iu, there is {s(Hi, ), • • • , s(Hi^ )} = {Hi, , • • • , Hi^}, so 

N N N N 

P(s) Y_ P(^iv) - Y- P(^iv)p(s) = (P(s) Y- P(^iv)p(s)~^ " Y. P(^iv))p(s) 

V=l V=1 V=1 V=1 

N N ^ ^ 

= (X P(^s(iv)) - Y P(^iv)) = 
v=l i=1 

So (14) is equivalent to 

N 

ipieiJ,Y^ Y ^isp(s)-p(eiJ)] = 0. (16) 

v=1 s:i(s)=iv 
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We define Ii = {1 < v < N|s(iv) = iu,for some s G U], and I2 = {1 < v < N|s(iv) ^ 
iu, for any s G 7^}. There is {1 , 2, • • • , N} = Ii ]J I2. 



veil s:s(iv)=iu 
veil s:s(iu)=iv 

+ X(P^^^ueiv)-p(eivei^)) 
vei2 

= 0. 

Where we used relation (5), (6) in Definition 1.1. 
Flatness of CIq can be proved similarly. 

□ 

Theorem 5.2. Using notations in section 4- The map w l(w), Ci pi extends 
to a representation Bg(T) EndCVe). So from Bg(T) we can obtain the generalized 
Lawrence- Krammer representation. 

Proof. We only need to certify that i(w)'s and pt's satisfy those relations in Definition 1.1. 
Relation (0) is evident. Relation (1) and (1)' are because pi is a projector to Cv^. Relation 
(3) is by definition of pi and the fact Oij = (Xw(i),w(j)- When R(i,j) = 0, by definition we 
have piPj = pjpi = so relation (4), (6) follows. For any i, j,k, we have 

PiPj(vic) = aj,icPi(vj) = aj,,cai,jVi and 

(LseR(g) ^sL(s))pj(vk] = o^,k{Lsem,)] l^sL(s))(vj) = cXj,k(LseR(y) ^^s)vi = oj.kOijVi, 

so relation (5) is certified. □ 

Suppose r is a finite type simply laced Dynkin diagram, denote the associated Coxeter 
group and Artin group as Wp, Ar respectively. Suppose Wr is realized as a reflection group 
in U(V). In this case the data T consists of two constants m, ]x since all reflections of Wp 
he in the same conjugacy class. Suppose |a / 0, so by Lemma 5.3 we can set [x = 1 . Thus 
we denote the algebra of Definition 1.1 for Wr as Bwr(Ta). Set Mr = V\UigpHi. Let (E, p) 
be a finite dimensional representation of Bvv/p(m). By proposition 5.1, the connection 

p(ar) = K^(p(si) - p(ei))a)i 

ieP 

induces a fiat connection on the bundle Mp E, which is a linear bundle on Mr/Wp. 
Denote the resulted monodromy representation of 7ti (Mp/Wr) = Ap as p. We have 

Theorem 5.3. // m ^ Z or ra G Z with m > 3, the monodromy representations p 
of Af constructed above factor through the simply laced BMW algebra Bp(T, I), for 

^ ^ q1-m_qm-1^q-1_q ^ ^ ^ V7/ie7"e q = exp K7t\/-r. 



N 

[p(eiu))X( X ^sP(s)- 

v=1 s:i(s)=iv 
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Proof. Suppose I is the set of nodes of V, {(J\}xei. is the set of generators of Ap in a canonical 
presentation. For i G I, set 

Xi = p(aO, Ei = ^-^(p(a02 + (q-^ -q]p(aO-1). 

We need to show {X^, Ei}|g£ satisfies relations of Br(T, I) in table 2. The proof is completely 
similar to Theorem 3.2, so we content with giving a sketch. Denote the number of nodes 
in r as n(y). We only consider the cases when V is irreducible. When rL(r) = 1 or 2, the 
Artin group Ap is braid group B2, B3 respectively. So the statement follows from Theorem 
3.2. Suppose n.[V] > 3. The fact that V is simply laced enable us to reduce the statement of 
these cases to cases when n(r) = 1 or 2, by using Theorem 2.1. Suppose i, j G I and i ~ j. 
Then the parabolic subgroup Wy of Wp generated by s^, Sj is isomorphic to the symmetric 
group S3. By applying Theorem 2.1 to Wy, we prove that Xi,Xj,E^,Ej satisfies relations in 
table 2. The cases when i -t^ j can be proved similarly. 

□ 



6 Cases of Dihedral Groups 

Dimension and Basis Denote the dihedral group of type Iilra) as Gra- The arrangement 
of its reflection hyperplanes can be explained with the following Figure 2. 




m=6 



Figure 2: The arrangement of Gg 

There are m hnes(hyperplanes) passing the origin. The angle between every two neigh- 
boring hues is n/m. Suppose the x-axis is one of the reflection hues and denote it as Hq, 
we denote these hnes by Hq, Hi, • • • , H^_i in anticlockwise order as shown in above graph. 
Denote the reflection by Hi as s^. The set of reflections in Gm is R = {sJo<i<m-i- Denote 
the rotation of 2]n/m in anticlockwise order as tj. It is well known that Gm is generated 
by so,si with the following presentation 



< So ,Si, l(SoSi)' 



1 > 



As a set Gra = {si, ri}o<i<ra-i • Under this presentation, st can be determined inductively 
in the following way. si = si, si = siSqSi and si = Si_iSi_2Si-i. By [s^Sj •••l^ we denote 
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the length k word starting with s^Sj, in which and Sj appear alternatively. The word 
[• • • sosilk is defined similarly. Then St = [si so • • • lii-i , where Sra = [siso • • • lim-i = sq. 

As for the algebra Bg^(T) , we choose the index set Pq^ = {0, 1,2, • • • ,m — 1}. Bg^(T) 
is generated by {st, etjigPg^. The data T is {M.i,Ti}igPg^. For later convenience, for k G Z, 
we define Sk, H^, 6^, (Xk, ^k as S[k], H[k], e[k], M.[k], T[k] respectively. Where [k] is the unique 
number in {0, 1, • • • ,m — 1} such that k = [k]mod(mZ). 

The structure of Bg^(T) when m is odd is quite different from cases when m is even. 

• When m = 2k + 1 is odd, we have I ~ j for any i, j G Pcm- Which implies \ii = \i] 
and Xi = Tj for any l,j G Pcm- So the data T consists of {to, (iqI essentially. We 
always suppose [Xq 7^ Oi and by Lemma 5.3 we can suppose Mo = 1. When i + j G 2Z, 
R(i,j) ={si+i}; when i + j + 1 G 2Z, R(i,j) = |s i+j+m }. 

2 2 

• When m = 2k is even, 1 ~ j if and only if i+ j G 2Z. Which impUes ]Xi = ]Xj and ti = Tj 
if i + j G 2Z. So the data T consists of {|Xo, |Xi,to,ti} essentially. When i + j G 2Z, 
R(i, j) = {st+j , s i+j+m j; when i + j + 1 G 2Z, R(i, j) = 0. 

2 2 

It is easy to see when m = 2k is even, the relation (1)' in Definition 5.1 for Bg^(T) is 
equivalent to: St+kCi = eiSi+k = ei for any i. 

Theorem 6.1. (1) When m is odd, the algebra Bg^(T) has dimension 2m + m^, and 
has the sei {si,ri}o<i<Tn-i U {siej}o<i,j<m-l o.s a basis. 

(2) When m = 2k is even, the algebra Bg^(T) has dimension 2m + ^^,and has the 
-sei {Si,ri}o<i<TO_i U {Sie2j}o<i,j<k-i U {Sie2j+i}o<i,j<k-i as a basis. 

When m is odd, let Aru be the vector space spanned by some generators {Si, Ri,}o<i<m-i U 
{Ty}o<i,j<m-i ■ For convenience for any i, j G Z, let Si = S[i], Ri = R[i] and \j = J[i]^[j]. Define 
a product on A-Txi by the following relations (1), (2), (3). 



Where Vij^p^q = (2i + [2p - j] + q - 2p)/2, iti,j,p,q = (21 + [2p - j] + q + m - 2p)/2. 



Lemma 6.1. Above product makes into an associative algebra. 

Proof. In fact above identities are obtained by " looking (Si, Ri, Tij ) as (si, Ti, SiCj )" . We have 
an indirect proof as follows. Denote the m-dimensional representation of Bg(T) defined in 
Theorem 5.2 as Plk, the irreducible representations of Bg(T) induced by the surjection 



(1) SiSj — Ri_j,RiRj — Ri+j, SiRj — Si_j, RjSi — Si+j. 



(2) SiTij = Ti_i+j,j,TijSv = Ti_j+i,2H, RiTij = Ti+i,j, TijRi = Ti-i,j-2i- 



(3) 




when 2p — j — q G mZ; 

when 2p — j — q ^ mZ, and [2p 

when 2p — j — q ^ mZ, and [2p 



j] + q G 2Z; 
j] + q ^ 2Z. 
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7T : Bg(T) — > CG as Pi,--- , pi. Denote the parameter space of all T's as A. By similar 
argument with the proof of (2) of Proposition 7.1, we can show there is a dense open subset 
P of A such that if T G I? then the related representation Plk is irreducible. In there cases 
by Wedderburn-Artin Theorem we have dimBG(T) > ^^(dim pt)^ + (dim Plk)^ = 2ra+ra^. 
Since the set {st, r Jo<i<m-i U {Siej}o<y<Ta-i always spans Bg(T), so we know when T G P, 
this set is a basis of Bg(T). Thus the product of is associative if T G P. So the produce 
is associative for all T. □ 

Proof of theorem 6.1 When m is odd, denote the algebra above as Ani(T). we define a 
map 4) as: 4)(Si) = Si, 4»(Ri) = for < i < m — 1 ; (f'CTy) = s^ej for < i,j < m — 1. 
It is easy to see ^ extends to a morphism (j) from Am.[T) to Bg^(T). Inversely the map 
i|)(Si) = Si, i|)(ei) = Ti^i for < i < m— 1 extends to a morphism \p from Bg^(T) to Am.{T). 
Since ^\>(^ = id and 4)\|; = id, we know Bg„^(T) is isomorphic to Am(T) and statement (1) 
follows. The statement (2) can be proved similarly by constructing an actual algebra with 
dimension 2m + ^ and prove it is isomorphic to Bg„^(T). 

Cellular Structures When m is Odd Suppose m = 2k+ 1. let (A, M, C, *) be the 
cellular structure of CGra- The algebra Bg^(T) has a cellular structure (A, M, C, *) as 
follows. 

• A = A]_[{ALK}-We keep the original partial order in A and for any A G A, let Alk -< A. 

• For A G A, set M(A) = M(A) and M(Alk) = {0,1,--- ,m-1}. 

• For A G A, and S,T G M(A) set C^-^ = C^-^. For i,j G M(Alk], set C^'^ = si+jej if 
i + i G 2Z, and Cfv^ = s t+j+m ej if i + i ^ 2Z. 

• Define * to be the involution in Lemma 5.5. 

Theorem 6.2. Above (A, M, C, *) defines a cellular structure for Bg„^(T). 

Proof. Recall the definition of cellular algebras in section 2. (CI) follows by Theorem 
6.1. (C2) is because *(si+2ej] = ejSt+i = si+^ei. (C3) is by the following computation. 
S;(C^VK) = c^LK. . fo, ^ny l,i,j; edC^V^) = C^^f if i ^ i ; e,[C^^] = ToC^f. 

Remark 6.1. Prom above proof we see the cellular representation corresponding to Alk 
is the infinitesimal LK representation of Marin. 

Cellular Structures When m is Even Suppose m = 2k. Still denote the cellular 
structure of CGra as (A, M, C, *). The algebra Bg^(T) has a cellular structure (A, M, C, *) 
as follows. 

• A = A U {Alko, Alki)- We keep the partial order in A, and let LK^ -< A for any A G A 
and any i. 
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• For AG A, M{A) = M{A). M{Alko) ={0,2,--- ,2k- 2]M{A^^,) ={1,3,--- ,2k-l}. 

• For A G A, S,T G M(A), let C^-p = C^^. 

• Let * be the involution in lemma 5.5. 

Theorem 6.3. Above (A, M, C, *) defines a cellular structure for Bg^(T) . 

Proof. (CI) follows from Theorem 6.1. (C2) is certified similarly. (C3) follows from the 
following computation. si(C2[^^°) = C^l^".^^^^ ^li^jl^-) = if lis odd; e2i(C2[^^°) = 'roC2[^^j'i 

ei(C2{;2°) = (l^p+i + iXp+i+k)C^^2f if 1- = 2p is even and I / 2i. 

si(C2[^i\2j+i ) = C2"-i-i)+i,2j+i i ei(C2[^i\2j+i ) = if lis even; eiw (C2[^i,2j+i ) = ^iC2Hi',2j+i; 
^ii^2W,2j+^ ) = (^^P+i+l + ^p+i+i+k)C2p+i,2j+i if I = 2p + 1 is odd and I 7^ 2i + 1 . 

□ 

Remark 6.2. The two representations corresponding to \y^o, A^^i are components of 
the infinitesimal LK representations of Marin as in Theorems. 2. 

7 Hs Type 

The Coxeter group Ghj of type H3 is the symmetric group of a regular dodecahedron(or a 
regular icosahedron). It is generated by Sq, si, S2 with relations: 

a) = 1 for all i's. b) sqSiSoSiSi = siSqsisosi. 

c) S0S2 = sxsq. d) S1S2S1 = S2S1S2. 

We have: IGhjI = 120, |R| = 15. 

The group Ghj has a nontrival center element c = (S2S0S1 )^ which is also the longest 
element. Denote the other 12 reflections arbitrarily as S3, • • • , su so R = {si}o<i<i4. Denote 
the reflection hyperplane of as H^, naturally set the index set of reflection hyperplanes as 
P = {0,1,--- ,14}. 

In the following Figure 3, the dotted lines show the intersection of three reflection hyper- 
planes with the front surface of the dodecahedron. For s, s' G R, we say s is perpendicular 
to s' and denote s_Ls' if ss' = s's. From Figure 3 we see directly that '_L' is a equivalent re- 
lation in R ( the proof of this fact is only simple but lengthy computations ). According to it 
R is decomposed into 5 equivalent classes = {Ri , • • • , R5}, each class consists of 3 elements. 
Let Wo = S1S2S1S0S1S0S1. Atypical equivalent class is {so, S2, Sip} where St^ =Wq^soWo. Any 
way we suppose R^ = {i-a,ja,l<a} for 1 < a < 5 and let Ri = {so,S2,S|p}. The conjugating 
action of on R induces an action of the same group on 3?, because Si ± Sj implies 
wsiW^^ _L wsjW^^ Since Ghj acts on R transitively by conjugation, the action of Ghj on 
3? is also transitive. 

It isn't hard to see that, |R(i,j)| = if Si _L Sj and |R(si, Sj)| = 1 otherwise. 
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Figure 3: Regular dodecahedron 



Now consider the algebra Bg^^(T). Since all elements of R He in the same conjugacy 
class, so all Tt equal and all [li equal. We denote them as t and |x respectively. Suppose 
[x 7^ 0, in these cases we can set |a. = 1 by lemma 5.3. We have 

Lemma 7.1. 

(a) woeoe2 = 6062; 
(c)w^ = c; 

Proof. First (a) follows from identities 

(ei 60)62 = sqSiSoSi 806062 = sqSi 80816062 and (6160)62 = (6162)60 = 81S2816260. 

(b) and (c) follow by direct computations. Denote the group in (d) as H. Computa- 
tion shows WoS2Wq^^ = CS0S2 which imphes the order 8 abehan subgroup H' generated by 
{so, S2, c} is normal in H, and the quotient group H/H' consists of {[1], [wo], [wq]}. So 
(d) follows. For (e) we first prove the special case of a = 1 then the other cases follow by 
conjugating action of Ghj. Now the first "=" in (e) is certified by the following identity 
and the second one can be proved similarly. The first ' =' below is by (a). 

6062 = woeoe2Wo^ = woeoWQ ^woe2Wo ^ = ezex^. 

□ 

Remark 7.1. For < i < 14, we define 

= {w G Ghj I w8tW^^ = 61} and = {w G GH3 I W6t = 6|}. 
For 1 < a < 5 define Ga = {w G Grs I w(Ra) = RoJ and Ha = {w G GH3 I wet^ej^ = 

6ta6i„}. 

There is c G^ and 14^ C G^. Since Gh^ acts on R transitively and |R| = 15, we 
see if Sj, are the other two reflections commuting with si, then G^ is the order 8 
group generated by {si, Sj, Sk}. By (2) of Theorem 7.1 below we know is the order 
2 group generated by St. 

Since the action of Ghj on 0? is transitive we have |Gal = 24. By (d) of above 
lemma we have = Ga,and that Gi is generated by {so, S2 , wo}. 



(b)wosowo = S2; 

[d)the group generated by {sq, S2,wo} has order 24. 
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Lemma 7.2. dimBcHjtT) < 1045. 

Proof. Recall the set spanning Bqhj i"^) in lemma 5.2. Consider an element e = exe^e^, such 
that i, j,k are different and every two elements in {i,j,lc} satisfy condition (4) of Definition 
1.1. Notice any two of {ei, ej, e^} commutes. By above discussion {si, Sj, sid is some class R^. 
Now we have ei^ej^ei^^ = ej^ek^e^^ = Tej^ejc^, which is by (e) of Lemma 7.1. So we have 
proved that BghjC*^) is spanned by the set 

^ = ]J{wei}]J{weiej|si ± Sj}. 

The relation SiCi = ei imphes |{wei}| < ^ x 15 = 900. By above discussion and (e) 
of lemma 7.1, we know there are at most 5 kinds of etej appearing in {we^ejlsx _L sj}. For 
every such etCj there is a group Hy of order 24 such that wetej = etej for any w G Hy . So 
|{weiej|Sv -L Sj}| < ^ x 5 = 25 and the lemma follows. 

□ 

Remark 7.2. The set A can be presented explicitly as follows. For any i let {w-}i<j<6o 
be a set of representatives of left cosets of the group < 1, Si >. Let {Wp}i<|j<5 be a set 
of representatives of the left cosets o/ (see Remark 7.1 ) in Ghj. Then 

^ = J "[{w-ei}o<i<l4;l<j<60 J "[{Wpei^ej^}l<(x<5;1<|3<5- 

Some Irreducible Representations. 

There are four 15 dimensional irreducible representations and one 5 dimensional irre- 
ducible representations of Bgh3("I^) follows. 

The conjugating action of Gh^ on R is transitive. Since every element of the subgroup 
Go =< So, S2, c > commutes with so and |Gol = 8, so Gq is the stablizing group of this action 
at So. Go has the following four one dimensional representations {o"i}o<i<3 that sending so 
to 1. 

(l)ao(so, S2, c) = (l, 1, 1); (2)ai(so, S2, c) = (l, -1, 1]; 

(3)a2(so, S2, c) = (1, 1, -1); (4)a3(so, S2, c] = (1, -1, -1). 

For every < i < 3, we have a left representation of Ghj: IndQ^^(ai) . They are 
all 15 dimensional representations whose representation spaces can be identified with a 
space V spanned by a basis {vi}o<i<i4 in bijection with the set of left cosets {wGoIwsGhj ■ 
The bijection from the second set to the first one is defined by: if wsqw"^ = Si then 
4)(wGo) = Vi. 

Now for every < a < 3, we can extend every IndQ^^ [Oa.) to a representation Pa of 
Bg^^ (T) as follows. 

(1)pa(ei)(vi) =TVi. (2)pa(ei)(vj) =0 ifiT^j and Si_Lsj. 

(3)pa(ei)(vj) = o'a(Sk)(Vj) if i 7^ j, and Si isn't perpendicular to Sj such that Si^ is the 
unique reflection satisfying Si^StSi^ = Sj . 
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By definition the operator p«(e|) is a projector to the Une Cv^ C V for all a. For every 
< a < 3, define a 15 x 15 matrix = (mfj) by the identities Pa(eO(vj) = m'^-Vi. All 
entries of M" belong to {±1, t, 0}. By definition the diagonal elements of all M°"s are all 
T, and non-diagonal elements are all constants. So det M."* is a nonzero polynomial of t for 
all a. 

Gh 

Proposition 7.1. (1) Above definition of Poi[ei)'s extends Indg^"^ [(Xa,) to a representa- 
tion Pa of Bg„^ (T) . (2) The representation Pa is irreducible if and only if det M" / 0. 
(3) Pa^ Pp i/a/ |3. 

Proof. Direct computation shows (1). For (2), first we observe vi is a generator for any i 
since the conjugating action of Gh^ on R is transitive. Suppose v e V is a nonzero vector. 
If det M" / then there is some i such that / Pa(eO(v) e Cvi by definition of M*. So v 
is a generator and pa is irreducible. If det M" = then the space nJj;oKerp,x(ei) is nonzero. 
It isn't hard to see this subspace is a submodule, thus Pa is reducible. 

For (3), suppose \p : V ^ V is an Bg^^ (T) isomorphism from p^ to pp. By \p(pa(ei)(v)) = 
P|3(6i)(iKv)), so \p(Impa(ei)) = Impp(ei), which implies iKvO = AiVi for some Ai =^ 0. Now 
for w G Go, on one hand we have 

i|j(Pa(w)(vo)) = i|)(CTa(w)vo) = aa(w)AoVo,on the other hand 

il;(p„(w)(vo)] = P|3(w)(i1j(vo)) = AoO-|3(w)vo. So we have o-|3(w) = aa(w) for any w G Gq, 
which imphes a = |3 . 

□ 

There is annother irreducible representation related to the action of Ghj on 51 defined 
as follows. 

Let U = C < ui , • • • , U5 > be a 5 dimensional vector space. Define a representation of 
Ghj on U as: w(ui) = iXj if w(Ri) = Rj, for w G Ghj and 1 < i < 5. 

For < i. < 14, define [i] G {1, • • • ,5} by the relation Si G R[i]. For < i < 14, 1 < p < 5, 
we set 

ei(vp) = 



TVp, if Si G Rp; 
V[i], if Si ^ Rp. 



Lemma 7.3. Above action of Ghj and ei's on U extends to a representation P4 of 
BghjC^)- This representation is irreducible if and only if (t— 1)'*(t-|-4) 7^ 0. 

Proof. The first claim can be proved by direct computations. For the second one we first 
observe P4(ei) is a projector to Cu[i] and P4(ei) = P4(ej) if i, j lie in the same equivalent 
class. So for every 1 < p < 5 we have a well defined projector Jp(onto Clip) by setting 
Jp = P4(si) for any i G Rp. Define a 5 x 5 matrix M.'* = (Tn^,q) by setting Jp(uq) = rri^ qiXp. 
This matrix is clear: diagonal entries are all t and non-diagonal entries are all 1. So 
det M'* = (t — 1 )'^(t + 4). An argument similar to Proposition 7.1 shows p4 is irreducible if 
and only if det / 0. 

□ 
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Theorem 7.1. (1) // H^^q det MP / 0, Bgh^(T) is a 1045 dimensional semisimple 
algebra and have A (remark 7.2 ) as a basis. Notice n^^Qdet MP is a polynomial ofx. 
(2) For all x, ^g^^[T) is a 1045 dimensional algebra having A as a basis. 

Proof. Suppose Ps, pg, Pn are all irreducible representations of Bg^^(T) induced by 
the quotient map n : ^Gh^ i'^) CGhj. They are different from po, pi, • • ■ , and p4 because 
Ci's act as zero on them. We have 21i=5 dim p? = IGH3I = 120. 

If Hp^Q det MP / then pi , pi, • ' ' 1 and P4 are all irreducible. In these cases by 
Wedderburn-Artin theorem we have 

dim Bghj (T) > Z.i=5 dim Pi + ZLo dim p- + dim p| = 1 20 + 900 + 25 = 1 045. 

Combining with lemma 7.2 we have proved (1). 

For later convenience , in the set A we denote elements of Ghj as xi, • • • ,xi2o, denote 
ei, • • • , ei5 as X121, • • • ,xi35. Denote other elements of A as x^g, • • • ,xio45. Suppose first 
TTp^o det MP / 0. In these case since {xi}i<i<io45 is a basis of Bgh i'^) , every product XiXj 
can be expanded uniquely as a linear sum of x^'s: (*) XiXj = 

We observe the following facts. 

(a) f|'j(T)'s are all polynomial functions of t; 

(b) The identity (*) actually holds in BghjI"!^) for all t's. 

Let A = C < Xi,--- ,Xio45 > be a vector space with a basis {Xi, • • • X1045}. Define a 
product on A by setting X^Xj = Xk=f fij(T)Xk. This product make A into an associative 
algebra when T\^^ det MP 7^ 0. Combining with (a) it follows that this product is well- 
defined and making A into an associative algebra for all t's. Denote this algebra as A(T). 
Recall we have argued that in case of H3 the data T consists of one term t essentially. A 
simple check of this product shows: 

(c) A(T) is generated by {Xi, • • • ,Xi35} for all t's. 

(d) The map [xi 1-4 X;. for 1 < i < 135] extends to a morphism (p '• Bqhj (^) ~^ M"^) for 
all T's. 

By (c) the morphism (j) is surjective. Then by lemma 7.2 cj) is an isomorphism and (2) 
follows. 

□ 

Cellular structures, let (A, M, C,*) be the cellular structure of CBghj ("ll^)- The algebra 
Bgh3("''') ^ cellular structure (A, M, C, *) as follows. 

• A = A U {Ao,Ai, • • • ,A4}. Extend the partial order in A by setting: Ai ^ A for any 
< i < 4 and any A G A; A4 -< At for < i < 3. 

• Let * be the involution defined in lemma 5.5. 

• For AG A,M(A) = M(A); for < i < 3, M(Ai) = {0,1,- •• ,14}; M(A4) = {1,2,- •• ,5}. 

• For A e A, S,T G M.{A), let Cj j = j{C^j). Where j is the naturally injection from 
CGh3 toBGH,(T). 
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For every < I < 14, choose e Gh^ such that Wieow- ^ = and wq = id. Set 

Jo = (I+S2 + S2C + C), Ji = (I-S2 + C-CS2), J2 = (I+S2-CS2-C), J3 = (I-S2 + CS2-C), 



which are idempotents of the group algebra C < S2, c > corresponding to ctq, • • • , CT3. 



Then for < a < 3 and < i,j < 14, set C^? = wjaeow: 



• As before suppose Roi = {i-a, For 1 < a, |3 < 5 choose e Whj such that 

Wp(Ra) = 1^|3- Where the conjugating action is defined in the beginning of this 
section. Then set C^^^ = WpCi^ej^. 

Theorem 7.2. Above data define a cellular structure on Bg^^(T). 

Proof. (CI) follows from Theorem 7.1. (C2) is proved by the following identities. 

*(C^,p = *(wri ) * (eo) * (J"^) * (wO = wjeoJ«wri = cj^; 

*(Cp:J = *(ejj * (eij * (w^) = ej^eijw^)-! = {w^-'ei^e^, = wghei^e^^ = C^^^^. 
Where the third "=" is because Wp(R(x) = Rp and etpCj^ = ej^e^ = 6^61^. By Remark 7.1 
, there is some h, G Gp such that the fourth "=" holds. Also by Remark 7.1 we get the fifth 
"=". (C3) in cases of Ai(0 < t < 3) are proved by the following identities. 

(1) wCf. = wwij^eowr^ = wic(wr^wwi)T*eowr^ = a„(wr^wwi)Cf Where k is deter- 
mined by w^^wwi e Gq. The last "=" is because vj" = aoc(v)J* for v G Gq. 

(2) eiC^^j = eiWiJ«eowr^ = eveiWiJ^wr^ 

mod(I<'^«) when S; -L Si ; 

si.ietwj'^wri = sv,iWiJ«eowri = 

o'a(w^^sv,i'Wi)Cymod(I^'^") when S; isn't perpendicular to Si . 

where Si,^i is the unique reflection such that s^^iSiSi^i = s; , k is determined by w^^ s^w^ G 
Go, and I^'^" is the ideal generated by {Cy}A<Aa- 
In the case of (C4) we have 

(3) wCp'*^^ = wWpei^Cj^ = Cy^a- Where y is determined by wWp(Ra) = Ry The last 
"=" is by using remark 7.1. 



(4) 



_ _ J ^Cp^^ when i G {ip,jp,kp}. 



' Si,ip%ejpW^ = Cy^a otherwise. 



Where y is determined by i G Ry. □ 



8 Canonical Presentations 
8.1 Real cases 

We define an algebra Bq(T) with certain canonical presentation when G is a Coxeter group 
or a cyclotomic reflection group of type G(m, l,n), then prove Bg(T) is isomorphic to 
Bg(T). First we do it in cases of dihedral groups. 
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Definition 8.1. The algebra Bq(T) have the following presentation when G is Gyi, the 
dihedral group of type I2 (n) . 



TABLE 3. Presentation for Bg^(T). 





Br fTl 


Br fTl 


npnr) PTfliriTQ 


Sa Si Fn Fi 


Sa Si Fa Fi 


vol c 


1 1 TSaS, ...!-,> 1 — rSi Sa . . . !-,> 1 • 
IJ PO'-'l J2k+l — L^WO J2k+1 / 


1 1 tSaS, . . . 1i, — rsi Sa . . . 1-,, • 

IJ PO'-'l J2k — L>5W0 J2k) 




71 c2 _ c2 _ 1 . 
ZJ Oq — — 1 , 


71 c2 _ c2 _ 1 . 










4) E? = TEi /or- 1 = 0,1; 


4) E? = TiEi /or- i = 0,1; 




51 FaTSiSa • • -It iEa 


51 Ea[SiSa • • • It iEa 
^] i-OL^WO J2i— 1 "-0 




= |xEo for 1 < I < k; 


= (^^ + ^^+k)Eo /or 1 < i < k; 




6) Ei[SoSi •••]2i-iEi 


6) Ei[SiSo---]2i-iEi 




= |xEi for 1 < i < k; 


= (1^ + ^i+k)Ei /or- 1 < i < k; 




7) [SoSi---]2kEo 


7) [SiSq • • •]2k-lEo 




= El [SoSi ■ ■ - Ilk ; 


= Eo[Si So ■ ■ ■ ]2k-i = to; 




8) [SiSo---]2kEi 


8) [SoSi • • •]2k-iti 




= Eo[SiSo---]2k- 


= El [SqSi • • • ]2k-i = ti ; 
9) EiWEo = EoWEi =0. 



Where in 9) W is arij/ element composed by {So,Si}. 



Theorem 8.1. If G is a dihedral group, then Bg(T) is isomorphic to Bq(T]. 

Proof. We consider the cases when G is of type l2(2k). The cases for G of type l2(2k+ 1) 
are similar and easier. 

Denote the algebra Bg(T) ,Bg(T) as B, B' respectively. Let j be the morphism from CG 
to B' by mapping Si G G to S^ e B ' for i = 0, 1 . Let n be the morphism from B' to CG by 
mapping Si G B' to Si G G, E^ to 0. There is 7to j = idcci which implies that j is injective. 
For saving notations we denote j(w] as w for w G G. 

For 2 < 2i < 2k— 2, choose any w G G such that S2i = wsqw"^ and let E2i = wEqw"^ . E2i 
is well defined with no dependence on choice of w (a special case of Lemma 8.1 later ). For 
example, choose w = [Si Sq ■ ■ ■ ]2i-i so E2i = [Si Sq ■ ■ ■ ]2i-i Eo [Si So ■ ■ ■ ]2t-i ■ Similarly for 3 < 
2i- 1 < 2k - 1, define E2t_i = [Si So • •• 121-2^1 [Si Sq • • •]2i-2 = [Si So • • •]2i-iEi [SiSq • • •]2i-i- 
Define a map cf) from the set of generators of B to B' as : 4)(Tw) = w(= j(w)); 4)(ei) = Ei 
for < i < 2k — 1. Then cj) extends to a morphism from B to B'. To prove it we only 
need to certify that cj) keep all the relations in Definition 1.1. The case of relation (0) is 
straightforward. Relation (1) is by 3) in Definition 8.1 of Bq^^^IT) ; (!]' is by 7), 8); (2) 
is by 4); 3) is by later Lemma 8.1; case of 4) doesn't arise here; (6) is by 9); 5) is by the 
following computations. First consider the relation for e2ieo. We have 

4>(e2i)4>(eo) = E2iEo = [siSq • • •]2i-iEo[siSo • • •]2i-iEo = SiEoSiEo = Si(ni + M.[i+ic]c)Eo 
= {[liSi + ^[i+k]S[i+k])Eo = (l>((^k(2i,o)Sk(2i,o) + M-k(2i,o)'Sk(2i,o)')eo) = 4>(e2ieo). 
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Relations for other eaieij can be obtained by suitable conjugating action of G on above 
equation. The relations for eii+i eij+i are similar. 

There is a natural morphism i|) : B' ^ B by extending the correspondence So ^ sq, 
Si 1-^ si , Eo 1-^ eo, Ei M' ei. The fact that keep relations 1),2) of Definition 8.1 is by (1) 
of Definition 1.1; 3) is by (1); 4) is by (2); 5), 6) are by (5); 7), 8) are by (1)'; 9) is by (6). 

□ 

Suppose Gm is a finite Coxeter group with Coxeter matrix M = (mijjnxn- The group 
Gm has the following presentation: 

< Si,S2, - • • ,Sn |[siSj • = [s^Si- ■ foT i / j;s? = 1 foT any i > . 

It is well-known that Gm can be reahzed as a group generated by reflections in some 
Ti dimensional linear space through cetain geometric representation p : G — > GL(V). We 
identify Gjvi with its image in GL(V), denote p(st) as Si. Since Gm is real, the index set 
of reflection hyperplanes P are in one to one correspondence with the set of reflections R. 
So it is convenient to denote the reflection hyperplane of s e R as Hj and write in the 
Definition 1.1 as Cg. In the following we denote Gm as G. For w G G, any expression 
w = si^ Si^ • • • si^ with minimal length is called a reduced form of w, and define the length of 
w as l(w) = r. Above definition of Bg(T} when G is a dihedral group invoke the following 
definition of Bp (T). 

Definition 8.2. For any Coxeter matrix M = (raij)nxn; the algebra Bg^(T) is defined 
as follows. Denote r^^ in T as Tt. // we don't give range for an index then it means 
"for all". The generators are Si , • • • , Sn, E] , • • • , Et^. The relations are 

1 )S| = 1; SjEi^wEj = for any word w 

2) [SiSj • • • lini j = [SjSt • • • ]rrn.; composed from {Si, Sj}// my = 2k> 2; 

3) StEt = Et = EtSi; 9)EjSjSi • • • l^-i E^ = + ]E, 

4) E? = TiEi; /or 1 < I < k, // mtj = 2k > 2. 

5) SiEj =EjSii/mi,j =2; 10]Ei[SjSi • • -lii-iEt = |j,s,Ei 

6) EiEj = EjEii/ mtj = 2; for ^ < I < k, if my = 2k + 1 ; 

7) [SjSi- • -lik-iEi = EjSjSi- • -lik-i = Et, Where e = i[])iflis odd (even) . 

if my = 2k > 2; 11) [SiSj • • • ]2kEi = Ej [StSj • • • h^If my = 2k + 1 . 



Remark 8.1. // M is irreducible and of simply laced type , i.e, my G {1,2,3}, we can 
set all M-s = 1 i>y Lemma 5.3, so above definition coincide with the definition of simply 
laced Brauer algebras in fCFW^ . Above definition includes the case vn^ = oo: in that 
case there are no other relations between Si, Sj,Et, Ej except (1),(3),(4). 

Let M be as above. The Artin group Am has the following presentation. 

[o'iO'j • • • liuij = [o-j 0-i • • • ]tt^^_j f or i / j > . 
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Here we denote as A. Let A+ be the monoid generated with the same set of generators 
and relations. Let J : A+ ^ A be the natural morphism of of monoids. It is proved that J 
is injective for all Artin groups Garside lGal Brieskorn-Saito IBSI Paris [Pa| . The following 
theorem is well known. 

Theorem 8.2. For any w G G, suppose l(w) = r and let si, • • • Si,, and Sj, • • • Sj^ be two 
reduced forms of w, then in A+ we have a^, • • • = aj^ • • • ct,^ . 

So there is a well defined injective map t : G A+ as follows. For w € G, let si, • • • si^ 
be a reduced form of w and let t(w] = a^, • • • ^i^. Denote the natural map from A+ to G 
extending at i-^ si as n. In A+ we denote b -< c if there is a G A+ such that ab = c. This 
define a partial order for A+. Here is an important result in Artin group theory. 

Theorem 8.3 (jBS], [Ga]). For a G A+, if -< a, o-j ^ a, then [■ ■ ■ CTjajTUi^ ^ °- 

Now we can prove the following lemma. 

Lemma 8.1. Suppose G acts on a set S. Suppose a subset {vi, • • • ,Vn} C S satisfy 

(1 )If my = 2k + 1 , then [siSj • • • ]2k(vi) = vj; (3)Ifmy=2, then Si(vj) = vj; 
(2)If my = 2k, then [s^Sj • • • lik-i (vj) = vj; (4]si(vi) = v^. 

Then an identity wsiw^^ = Sj in G implies w(vi) = vj. 

Proof. We prove it by induction on l(w). When l(w) = it is evident. Suppose the lemma 
is true when l(w) < k and suppose we have an identity ws^w^^ = Sj where l(w) = k. If 
l(wsi) = l(w) — 1, let w' = wsi. Since w'si(w')^^ = wsiW^^ = Sj, by induction we have 
w'(vi) = Vj. Which implies w[vi) = w'(vi) = Vj by (4). Now suppose Uwsi] = l(w) + 1. 
Let Si, • • • Si^ be a reduced form of w. We have st, • • • si^si = SjSi, • • • Si^. Because both sides 
of the identity are reduced forms, by Theorem 8.2 we have Ct, • • • o^t^o-i = ajCTi^, • • • a^^ = 
T(wsi). Prom the condition Uws^) = l(w) + 1 we know ik / i, so by Theorem 8.3 we 
have [• • • o-i^o-i,]TTi^^ J -< T(wsi). So T(wsi) = a[- • • Ct^ailrai^ ^ for some a G A+. Denote 
7t(a) as w' ,and 7r([- • • CTiai^]TTt^^ ) as u. So w = w'u. An argument of length shows 
l(w') = l(w) — l(u). There is us^u^^ = s^^, and by (1), (2) , (3) we have u(vO = v^^. So 
w'si^(w')^^ = wsiW^^ = Sj- induction we have w'(vi^) = Vj which implies w(vO = 

w'u(vO = Vj. 

□ 

Theorem 8.4. When Gm finite then Bg^^(T) = Bg^(T). 

The proof is still by constructing a morphism from Bg(T) to Bg(T) and a morphism 
back, then show they are the inverse of each other. The following lemma is well-known 
Humphreys I Hu I . 

Lemma 8.2. Suppose G is a finite Coxeter group. Then 
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(1) For any if vj G G fix n point-wise, then w lies in the subgroup 
generated by Si, Sj. 

(2) For any two different s, s' G R, there are wgG,1 <i<j<rL such that 
w(Hs n Hg/ ) = Hs^ n . So wsw^^ and ws'w^^ lie in the subgroup generated by Si and 

Sj. 

Lemma 8.3. Define a map cj) by setting 4)(Si) = Si G G,cl)(Ei) = for 1 < i < n, then 
cf) extends to a morphism from Bg(T) Bg(T). 

Proof. We need to certify that cj) preserves all relations of in Definition 8.2. The facts 4) 
preserves 1) ~ 8) and 11) are easy to see. Notice in 9) and 10) only two indices i, j are 
involved. So we can use lemma 5.4 and lemma 8.2 to reduce these cases to dihedral cases, 
which are proved in Theorem 8.1. □ 

It isn't hard to see that the morphism J from CG to (T) by sending Si to Si is injective. 
So for w G G we can identify J(w) with w for convenience. Denote the imbedding image 
of R in B'e(T) as R'. Let E' = {wE:w-i}^eG,i<i<n, E = {CslseR. By definition of B'^^T), 
the conjugating action of G on E' satisfies conditions in Lemma 8.1. So the map ^ Et 
(1 < i < n) extends uniquely to a G-equivariant surjective map cp : E — > E'. Define a map 
i]j : E U R — ) E' U R' by i[>(es) = (p(es), i|>(s) = s. We have the following lemma. 

Lemma 8.4. The map ![> extends to a morphism from Bg(T) to Bq(T). Still denote it 
as i|>. 

Proof. We need to show that t\> satisfies all relations in Definition 5.1. The cases for relation 
(0),(1) and (2) is evident. The case for relation (1)' follows from relation (4) of Definition 
8.3. Case of relation (3) is by definition of cp. For relations (3) to (6), we can reduce these 
cases by (2) of lemma 8.2 and lemma 5.4 to cases of dihedral groups, which are proved in 
Theorem 8.1. 

□ 

By definition y\> and cj) are apparently the inverse of each other, so Theorem 8.4 is proved. 
8.2 The Cyclotomic G(m, 1,rL) cases 

Let G be the cyclotomic pseudo reflection group of type G(m, 1,n). As in BMR jBMRj , let 
V be a n-dimensional complex hnear space with a positive definite Hermitian metric <, > 
, let {vi,--- ,Vn} be a orthonormal base. Then G can be imbedded in U(V). It's image 
consists of monomial matrices whose nonzero entries are m-th roots of unit. Here we give a 
concise description of some facts of G without proof. Suppose (zi , • • • , Zn) is the coordinate 
system corresponding to {vi, • • • ,Vn}. Let £, = exp( ^"^^^ ). For i/j,0<a<m— 1, define 
Hg;a = ker(zi - £,"zj) = K - Define Hi = ker(zi) = (vi)^. Then Hi,j;a = Hj,i;_a. 

Let sij;q G U(V) be the unique reflection fixing every points in H^j-Q. Let st be the 
pseudo reflection defined by: Si(vi) = Lyi; Si(vj) = vj for j / i. Then the set A of reflection 
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hyperplanes of G is {H^.a}i<yfi<a<m-'\ U {Hi}i<i<n^. The set of pseudo reflections R of G is 

{Si,j;a}i<i;0<Q<m-1 U (n^J^^{s|'}i<i<n). 

Above notation gives a decomposition of R into conjugacy classes. Now we have a look 
at the algebra Bg(T). The data T essentially consists of |x, , iJ.Ta-i)T^o>T^i- Where 

\i.Siya ~ M-i M-sK ~ M-ki ^Hiya = T^ii = T^o- As in the real case, we define the following 
algebra Bq(T) with canonical presentation. 

Definition 8.3. The algebra Bg (T) is generated by So,S-\, - ■ ■ , Sn-i , Eq, Ei • • • , E^-i with 
the following relations. Where in 15) W is any word composed from So, Si. 

1)S5^ = S? =id(1 <i<n-1); 2)SoSiSoSi =SiSoSiSo; 

3)SiSj = SjSid i - j |> 2); 4)SiSHi St = S^+i SiSi+i (1 < i < n - 2); 

5)E^=ToEo; 6)E? =TiEi(1 <i <n-1); 

7)SiSoSiEo = EqSiSoSi = Eq; 8)SiSi+iEi = Ei+iSiSt+i (1 <i<Ti — 2) 

9)SiEj = EjSid i - j |> 2); 10) (So)^Si (So)HEi ) = Ei (So)^Si (So)HO < i < m - 1 ); 

n)SiEi = Ei = EiSi(0<i<n-1); 12)EiSiEi = i^Ei (0 < i < m- 1) 

13)EoSlEo = (m-1)^iEo; 14)EiEj = EjEi(|i - j| > 2); 

15)EoWEi = EiWEo = 0; 16)EiEt+i = ^SiSi+lSiEi+l (1 < i < n-2). 



Theorem 8.5. The algebra Bq{T) is isomorphic to Bg{T). 

Proof. The strategy of proof of this theorem is the same as for the real case. We construct 
a morphism O from Bg(T) to Bg(T) and a morphism'*!' in reverse direction. The morphism 
O is constructed by setting 0(So) = si;0(S|) = Si,i+i;o for i > 1; 0(Eo) = ei;0(E|) = 
ei,i+i,o for i > 1. It isn't hard to certify that O satisfying all relations in Definition 8.3, so 
O can extend to a morphism. To define W, the main step is still the definition ofW[ei) and 
^(2i,j;a)- The following lemma shows there are well defined elements F^'s and Ey-^'s such 
that if we set W[w) = w, V(et) = ^u^{e^j-a) = ^i,j;a) Then W can extend to a morphism from 
Bg(T) to Bq(T) by certifying that it all relations in Definition 1.1. The proof is almost the 
same as in proof of Theorem 8.5 so we skip it. 

□ 

Construction of Ft and Fi j a The following lemma is similar to Lemma 8.1. 

Lemma 8.5. Let G be the pseudo reflection group of type G(m, l,n). Suppose G acts 
on a set S and suppose there is a subset {vo,vi, • • • ,Vn-i} C S such that: 

(l)(So)''Si(So)'-(vi) =vi for any i; (2)Si (So)'Si (vq) =vo for any i, 

(3)Sv(vj) =Vj if ii-j |>2, (4)SiSi+i(vi) =Vi+i for i> 1, 

(5)SiSi_i (vi) = Vi_i for i > 2, (6)Si(vi) = Vi. 
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Then the identity w(H|) = Hj implies w(v|) = vj, where w G G, and Si's are generators 
of G as in Proposition 8.1. For convenience here we denote Hi as Hq, Hi^i+i;o cls Hi 
for i > 2. 

Proof. In this case instead of using Artin monoid we prove it by direct computation. Let 
Vi = Si_i • • -Si^vo) for 1 < i < n; v?j = (Sj_i • • -SiSoSi • • • Sj_i j'^Sj-i • • • St+i (vi) for i < 
vf|_|_, = (Si • • • So • • • Si)"(vi). The following identities show that the set {vi}i<i<nU{v?j}i<j is 
closed under the action of G, and the map J : ^ — > {vi}i<i<n, ^{%yii<) ■■ Hi,j;a ^ v?j; Hi ^ Vi 
is G equivariant. Thus the lemma is proved. 

(a) So(vi) = Si_i • • • S2S0S1 (vo) = Si_i • • • SiSi • SiSqSi (vq) = Si_i ■ ■ ■ SiSi (vq) = Vi. 

(b) So(vf,i) = So(Si_i • • • So • • • Si_i )'^Si_i • • • S2(vi ) = (Si_i • • • So • • • Si_i I'^Si-i • • • SiSolvi ) 
= (Si_i •'• • So • • • Si-O'^-iSi-i • • • SiSoSiSo(vi) = (Si_i • • • So • • • Si_i)'*-iSi_i • • • S2(vi) 

(c) lfi>2, So(v[;j) =So(Sj_i •••SiSoSi •••Sj_i)'^Sj_i •••Si+i(vi) 
= (Sj_i •••SiSoSi •••Sj_i)''Sj_i •••Si+iSo(vi) =v{^j. 

(d) For i > 1 . Si(vi) = SiSi_i • • • Si (vq) = Vi+i . 

(e) Si(vi+i) =Vi for i > 1. (Equivalent to (d) ) 

(f) Si(vj) = Vj if i / and j / i, i + 1 . 

j 7^1,1+1 <^i>j ori<j — 1. Ifi>j then Si(Vj ) = SiSj_i • • • Si (vo) 
= Sj_i • • • SiSi(vo) = Vji If i < j - 1 then Si(vj) = SiSj_i • • • Si(vo) 
= Sj_i • • • SiSi+iSi • • • Si (vo) = Sj_i • • • Si+iSiSi+i • • • Si (vo) 
= Sj_i •••SiSi+i(vo] =Vj. 

(g) Si(v-J=v{Vi^, ifl>i + 2. 
First we have 

Si(Si_i • • • So • • • Si_i ) = Si_i • • • SiSi+iSi • • • So • • • Si_i 

= Si_i • • • Si+i SiSi+i • • • So • • • Si_i = Si_i • • • So • • • Si+i SiSi+i • • • Si_i 

= (Sv-1 • • • So • • • Sv_i)Si. 

So 

Si(v?J = Si(Si_i • • • So • • • Si_i )'iSi_i ■ ■ ■ Si+i (vi) = (Sv_i • • • So • • • Sv_i rSiSx-^ ■ ■ ■ Si+i (vi) 

= (Sv-i • • • So • • • Si_i j'^Si-i • • • Si+iSiSi+i (vi) 

= (Si_i • • • So • • • Si_i I'^Si-i • • • Si+2(vi+i ) = vf+i^^. 

(h) Si(v[;j=v,Vi forKi. 

Sdn,0 = Si(Si-i • • • So • • • Si_i )^Si_i • • • Si+1 (vi) 
= (sl • • • So • • • Sil'^SiSi^i • • • Si+1 (vi) = v^.^-^ . 

(i) Si(vg^j = vg^i if {k, 1} n {1, i + 1} = 0. ' 

SiKi) = Si(Sv-i • • • So • • • Si_i )'^Sv-i • • • Sk+1 (Vk) 

□ 

Let E' = {wEiW^^}weG,o<i<n-i • G acts on E' by conjugation. This action satisfies 
the conditions of Lemma 8.5 if let {Eo,Ei,--- ,Et^_i} to be {vo,vi,--- ,Vn-i} in the lemma. 
By this lemma there is an unique G-equivariant map F: ^ ^ E' such that F(Hi) = Eq, 
l'(Hi,i+i;o) = Ei for 1 < i < n - 1 . Define Fi = F(Hi) for 1 < i < n, and Fij-a = F(Hij.a). 
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By comparing Definition 2.1 (of the cyclotomic Brauer algebra ) with Definition 8.3, we 
have the following theorem. 

Theorem 8.6. In the data T if ]l=^, |Xq = CTq (1 < a < ra — 1 ) and ao = ti , then 

(1) Set a map <^ by : Si Si [^ < i < n— 1), So i-^ ti , Et i-4 ( 1 < I < n— 1), Eq ^ 0, 
then O extends to a surjective morphism from Bq(T) to Bra,n(5) and kerO =< Eq >, 
the idea generated by Eq. 

(2) Set a map W by : si i-^ Si (1 < i < n — 1], tt i-^ Si_i • • • SitiSi • • • Si_i (1 < i < n), 
Ci M' Ei (1 < i < n — 1), then W extends to an morphism from "B^^nib) to Bg(T). We 
have ^oW = id, so Bg(T) = Sn^,n(&)© < Eq >. 

9 Conclusions 

If we take off the relation (1)' in Definition 1.1, we obtain an algebra bigger than Bg(T). 
Denote this algebra as Bg(T). It is easy to see Bg(T) coincide with Bg(T) if G is a simply 
laced Coxeter group. The algebra Bg(T) also satisfy hypothesis 1 and 2 in Section 1. We 
can prove Bg(T) is finite dimensional if G is a finite group. In general, Bg(T) has Bg(T) as 
a genuine quotient, thus contain more irreducible representations. 

We can ask the following questions. If Bg(T) are cellular, or generically semisimple, or 
have invariant dimension for any finite G? Does Bg(T) has affine cellular structure in the 
sense of Konig and Xi |KXj when G is an affine Coxeter group? How to deform Bg(T) by 
using the associated KZ connection? 

In |CGW1] the authors mentioned the perspective of application of generalized BMW 
algebras in representation theory. Beside of it we'd hke to mention that through analysis 
those Brauer type algebras we can obtain some new fiat G— invariant connections on the 
complementary spaces Mg, thus obtain some new representations of the corresponding Artin 
group or complex braid group, just as the case of H3 type. In the same time by solving the 
equations of fiat sections we would encounter with some new fuchs equations on Mg and 
some new hypergeometric type functions. 
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